We study a second CP symmetry compatible with the A 4 flavor group, which interchanges the representations 1 and 1 . We analyze the lepton mixing patterns arising from the A 4 and CP symmetry broken to residual subgroups Z 3 and Z 2 × CP in the charged lepton and neutrino sectors respectively. One phenomenologically viable mixing pattern is found, and it predicts maximal atmospheric mixing angle as well as maximal Dirac CP phase, trivial Majorana phase and the correlation sin 2 θ 12 cos 2 θ 13 = 1/3. We construct a concrete model based on the A 4 and CP symmetry, the above interesting mixing pattern is achieved, the observed charged lepton mass hierarchy is reproduced, and the reactor mixing angle θ 13 is of the correct order. *
Introduction
The origin of flavor mixing is one of the most fascinating unsolved problems in particle physics. The precise measurement of neutrino oscillation provides us new window to solve the flavor puzzles. The most popular approach to understand the observed lepton mixing pattern is based on the assumption that a flavor symmetry group (usually finite and nonabelian) is broken down to different subgroups in the charged lepton and neutrino sectors and the mismatch between the two subgroups allows one to predict the lepton mixing matrix up to permutations of rows and columns. A prime example is the famous tri-bimaximal mixing which can be derived from simple flavor groups such as A 4 [1] and S 4 [2] . There is an extensive literature on study of different flavor symmetries and their application in model building, please see Refs. [3] [4] [5] for review and additional references.
The discovery of a relatively large reactor mixing angle θ 13 0.15 measured by Daya Bay [6] , RENO [7] and Double Chooz [8] rules out the tri-bimaximal mixing pattern, and it lead us to scrutinize the discrete flavor symmetry approach. For example, comprehensive surveys of finite non-abelian subgroups of SU(3) and U(3) reveal that mixing angles in agreement with experimental data can be obtained from some large flavor symmetry groups (e.g. (Z 18 ×Z 6 ) S 3 with the group id [648, 259] ), while the Dirac CP phase is predicted to be trivial [9] [10] [11] . Another approach is to amend the flavor symmetry with a CP symmetry [12] [13] [14] [15] . In this case, the CP symmetry is represented by a CP transformation which acts nontrivially on flavor space, and consequently it is also dubbed as generalized CP symmetry. In order to consistently combine flavor symmetry with CP symmetry, the so-called consistency conditions have to be fulfilled [13] [14] [15] [16] and thus the explicit from of the CP transformation is strongly constrained. Similar to the paradigm of flavor symmetry, the lepton mixing matrix is completely fixed by the residual symmetry of the lepton mass matrices [17] [18] [19] [20] [21] and no predictions can be made for the lepton masses. The advantage of CP symmetry over flavor symmetry is that the CP symmetry can constrain the Dirac as well as Majorana CP violating phases [17] [18] [19] [20] [21] , and a non-vanishing reactor mixing angle can be explained from a small flavor symmetry group. There have been many interesting work studying the predictions of models with both flavor and CP symmetries for a variety of groups such as A 4 [14, 22, 23] , S 4 [14, [24] [25] [26] [27] [28] [29] , ∆ (27) [30, 31] , ∆(48) [32] , A 5 [34] [35] [36] [37] , ∆(96) [38] , Σ(36 × 3) [39] , SU(3) infinite group series ∆(3n 2 ) [40, 41] , ∆(6n 2 ) [40, 42, 43] and D (1) 9n,3n [44] for a general integer n. Recently a comprehensive scan of all finite discrete groups with order less than 2000 is performed, the CP symmetry corresponding to class-inverting automorphism of the flavor group is imposed, and the possible lepton mixing patterns are presented [45] . Furthermore, the flavor and CP symmetries can make clear predictions for neutrinoless double beta [25, 29, 34, [43] [44] [45] [46] and leptogenesis [45] [46] [47] . In particular the low energy Dirac and Majorana CP violating phases are connected to the CP violation in leptogenesis in this scenario [45, 47] .
A 4 is the minimal group which has three-dimensional irreducible representation. A 4 as a flavor symmetry group has been extensively studied, and a vast number of models are constructed. The interplay between A 4 and CP symmetry has been studied as well [14, 22, 23] . The recent studies involving A 4 and CP can be seen in Refs. [48] [49] [50] . It turns out that two possible CP symmetries can be defined in the context of A 4 [22] . The first one acts on the fields as
in our working basis, where ϕ r denotes a field transforming as A 4 irreducible representation r. This CP symmetry can be imposed in a generic A 4 model regardless of the field content. Its predictions for lepton mixing arising from all possible residual symmetries are comprehensively studied in Ref. [22] , and a model is built to realize the model independent predictions. The second possible CP symmetry compatible with A 4 is given by [22] 
In this case, both ϕ 1 and ϕ 1 should be present in pair or absent simultaneously and they should carry the same quantum numbers under all the symmetries of the model except A 4 .
In the present work we shall be concerned with this second CP symmetry. The article is organized as follows. In section 2 we revisit the possible CP symmetries which are compatible with the A 4 flavor symmetry, and our conventions for the A 4 group and its representations are presented. In section 3 we study the lepton mixing patterns which arise from the breaking of the A 4 and CP symmetry to the remnant symmetries Z 3 in the charged lepton sector and to Z 2 ×CP in the neutrino sector. We find one phenomenologically viable case in which both atmospheric mixing angle and Dirac CP phase are maximal and the sum rule sin 2 θ 12 cos 2 θ 13 = 1/3 between the solar and the reactor mixing angles is fulfilled. In section 4 we construct an explicit model based on A 4 and CP symmetry, the lepton mixing matrix is of the tri-maximal form at leading order, the subleading corrections generate the correct size of the reactor mixing angle, and the interesting mixing pattern found in section 3 is realized exactly. Finally, section 5 is devoted to our conclusion.
2 Revisiting A 4 and generalized CP symemtry A 4 is the symmetry group of the tetrahedron. It contains twelve elements and it is the smallest non-abelian finite group which admits an irreducible three-dimensional representation. A 4 can be generated by two generators S and T obeying the relations [51]
There are four equivalence classes (two elements a and b belong to the same equivalence class if there exists a group element g such that gag −1 = b):
where kC n denotes a conjugacy class which contains k elements with order n. The A 4 group has four inequivalent irreducible representations: three singlets 1, 1 , 1 and a triplet 3. The three one-dimensional representations are given by
where ω = e i2π/3 . The three-dimensional representation 3, in a basis where the generator T is diagonal, is constructed from
Thus, from two such triplets α = (α 1 , α 2 , α 3 ) ∼ 3 and β = (β 1 , β 2 , β 3 ) ∼ 3 we can obtain the irreducible representations from their product [51] :
where the subscript S (A) denotes symmetric (antisymmetric) combination. In the present work we shall study the popular A 4 flavor symmetry combined with the generalized CP symmetry. The action of a generalized CP transformation X on a field multiplet ϕ(x) is
where x P = (t, − x) and the obvious action of CP on the spinor indices is omitted for the case of ϕ being spinor. Since the CP transformation X acts nontrivially on the flavor space, the consistency condition between flavor and CP symmetries must be satisfied [14] [15] [16] 
where ρ(g) is the representation matrix of the group element g, and it is generally reducible.
To be more specific, ρ(g) is generally the direct sum of the A 4 irreducible representations corresponding to the particle content of the model. Obviously the elements g and g should be of the same order. Moreover, given a viable CP transformation X, other new CP transformation of the form ρ(h)X for any h ∈ A 4 can be generated if one first performs a flavor symmetry transformation ρ(h) and subsequently the CP transformation X. Accordingly the consistency equation is of the form
As regards the concerned simple flavor symmetry group A 4 , it is enough and sufficient to impose the consistency condition of Eq. (9) on the group generators
where the elements S and T should be of order two and three respectively. As a consequence, S belongs to the conjugacy class 3C 2 and T belongs to 4C 3 or 4C 3 , i.e.
Because the different possible values of S and T are related to (S , T ) = (S, T ) or (S , T ) = (S, T 2 ) by group conjugation, essentially only two kinds of CP transformations could be defined in the context of A 4 flavor symmetry 1 . The first one is fixed by the following consistency conditions
We can easily check that Eq. (13) is fulfilled for all the irreducible representations of A 4 with
1 A 4 is isomorphic to ∆(3 · 2 2 ). The possible CP transformations which can be consistently defined within the ∆(3n 2 ) flavor group series have been comprehensively analyzed in Ref. [41] .
Taking into account the flavor symmetry, we find the most general CP transformation is of the same form as the flavor symmetry transformation in our basis. This kind of CP transformation has been discussed in Ref. [22] , and a dynamical model with both A 4 and CP symmetries was constructed. In this case, the second column of the PMNS matrix is predicted to be trimaximal, and the Dirac as well as Majorana CP phases are trivial if the A 4 and CP symmetry is broken down to Z 2 × CP in the neutrino sector. The second type of CP transformation is related to the value (S , T ) = (S, T ). For the triplet representation 3, the corresponding consistency equations are
Disregarding an overall irrelevant phase, X 0 3 is determined to be
which is exactly the µ − τ reflection symmetry [52] [53] [54] . A generic triplet field ϕ 3 transforms under this CP symmetry as follows
However, it can be checked that the consistency conditions in Eq. (11) are not satisfied separately for the nontrivial singlets 1 and 1 in the case of (S , T ) = (S, T ). In order to resolve this issue, we consider a multiplet ϕ ≡ (ϕ 1 , ϕ 1 ). The representation matrices of A 4 elements on the space of ϕ are given by
Then the solution for the consistency equation of Eq. (11) exits, and it take the form
Consequently the transformation rule of the singlet fields ϕ 1 and ϕ 1 under this generalized CP is
Hence we conclude that the fields transforming as 1 and 1 should be present in pair or completely absent if one intends to implement this second kind of CP symmetry in a concrete model. Before ending this section, we would like to emphasize that the explicit form of the CP transformation depends on the chosen basis. In the frequently used Ma-Rajasekaran basis [55] , S and T in the triplet 3 are represented by
In the same manner, we find in this basis the first CP symmetry is
and the second is given by
These transformation rules are necessary and quite useful when one builds an A 4 model with CP symmetry in the Ma-Rajasekaran basis. In the following, we shall study the phenomenological predictions of this CP symmetry for lepton flavor mixing in a model independent way, both atmospheric mixing angle and the Dirac phases are predicted to be maximal. Furthermore, we shall construct a model to naturally realize these interesting model independent predictions.
3 Lepton mixing from A 4 and CP symmetry breaking
The first CP symmetry for (S , T ) = (S, T 2 ) given in Eq. (14) can be imposed on a generic A 4 model regardless of the matter content. The different mixing patterns that can be obtained from this CP symmetry and A 4 flavor group have been studied in Ref. [22] . In the present work, we shall be concerned with the second CP symmetry given by Eqs. (17, 20) for the case of (S , T ) = (S, T ). The three generations of the left-handed leptons form an irreducible three-dimensional representation 3 of A 4 . The A 4 and CP symmetry is broken to an abelian subgroup G l and to G ν in the charged lepton and neutrino sectors, respectively. G l is required to be able to distinguish the three generations of charged leptons, consequently this group should have at least three different elements with non-degenerate eigenvalues. Therefore G l can be either a Z 3 or a Klein group. In the neutrino sector, we shall consider the residual symmetry G ν is Z 2 × CP . The group A 4 has three Z 2 subgroups Z Preserving the residual symmetry Z S 2 × CP in the neutrino sector requires that the neutrino mass matrix m ν should satisfy the conditions
The most general neutrino mass matrix invariant under the residual flavor symmetry Z S 2 takes the form
where α, β, γ and δ are generally complex parameters, and they are further constrained to be real or pure imaginary by the residual CP symmetry X ν . Subsequently a tri-bimaximal transformation is performed on the light neutrino fields, then m ν becomes
where U T B is the prominent tri-bimaximal mixing matrix,
Since m ν is a block diagonal symmetric matrix , it can be easily diagonalized as
where m 1,2,3 are the light neutrino masses. The explicit form of the unitary matrix U ν would be presented for different choices of X ν in the following. Because X ν and ρ 3 (S)X ν lead to the same constraint on the neutrino mass matrix, the four admissible residual CP symmetries in Eq. (27) fall into two categories.
In this case, the parameters α, β and γ are restricted to be real and δ is pure imaginary. The unitary matrix U ν is determined to be
where K ν is a diagonal matrix with entries equal to ±1 and ±i, and it is necessary to make the neutrino masses m 1,2,3 positive. The rotation angle θ is given by
The three light neutrino masses are
One sees that the neutrino masses can be either normal ordering (NO) or inverted ordering (IO). As the charged lepton mass matrix m † l m l is diagonal, there is no contribution to the lepton flavor mixing from the diagonalization of charged lepton mass matrix, and the PMNS matrix takes the form
This mixing pattern can also be obtained from S 4 group combined with CP symmetry [14, 25] . The three lepton mixing angles can be read off as
Obvious the atmospheric mixing angle θ 23 is maximal, and the solar and the reactor mixing angles satisfy the following sum rule 3 sin 2 θ 12 cos
The best fit value sin 2 θ 13 = 0.0234 [56] can be accommodated for θ 0.06π. Accordingly the solar mixing angle is sin 2 θ 12 0.341 which is in the experimentally preferred 3σ region [56] . Moreover, both Majorana CP violating phases α 21 and α 31 are trivial, they are 0 or π. The Jarlskog invariant J CP describing the CP violation takes a simple form
Consequently the Dirac CP phase δ CP is predicted to be maximal with
In light of the weak evidence of δ CP 3π/2 from T2K [57] , this mixing pattern is quite interesting. Here the maximal atmospheric mixing and maximal Dirac phase are due to the presence of µ − τ reflection symmetry X 0 3 2 , and correlation in Eq. (38) arises from the remnant flavor symmetry Z S 2 . Notice that the µ−τ reflection symmetry restricts neither the reactor mixing angle nor the solar mixing angle. The neutrinoless double beta (0νββ) decay processes (A, Z) → (A, Z + 2) + 2e
− is important to test the Majorana nature of neutrinos. Many new experiments are currently running, under construction, or in the planing phase. The sensitivity to this rare process would be increased significantly in future. Besides the nuclear matrix elements, the amplitude of the 0νββ decay is proportional to the quantity [59] 
which is known as the effective Majorana neutrino mass for 0νββ decay. The predictions for m ee strongly depend on the type of the neutrino mass spectrum. One can express m ee as a function of the lightest neutrino mass m min , the oscillation mass splittings δm 2 ≡ m 
while in the case of IO,
For the predicted mixing pattern in Eq. (36), the effective mass m ee is of the form
where k 1 , k 2 = ±1 originate from the CP parity matrix K ν . The possible values of m ee with respect the lightest neutrino mass m min are displayed in figure 1 , where the neutrino mass squared differences δm 2 and ∆m 2 freely vary within their 3σ intervals and the parameter θ varies in the interval 0 ≤ θ ≤ π while the three mixing angles are required to be in the experimentally preferred 3σ ranges [56] . We see that m ee is around 0.016eV and 0.050eV for (k 1 , k 2 ) = (+, +), (+, −) and (k 1 , k 2 ) = (−, +), (−, −) respectively in the case of IO. The next generation 0νββ decay experiments will be able to probe the full IO region and these predictions can be tested. The effective mass m ee depends on m min and the CP parities in case of NO, it has a lower limit m ee ≥ 0.004 eV and m ee ≥ 0.0012 eV for (k 1 , k 2 ) = (+, +) and (+, −) respectively, and m ee can be strongly suppressed to be smaller than 10 −4 eV for (k 1 , k 2 ) = (−, +), (−, −).
Invariance
Consequently the PMNS mixing matrix takes the form,
We can extract the mixing angles from Eq. (47) and find
For the CP invariants we have
where the invariants I 1 and I 2 are defined for the Majorana phases 
Expressing the parameter θ in terms of θ 13 , we find the following sum rules among the lepton mixing angles,
The reactor mixing angle sin 2 θ 13 is minimized for θ = π/2, and accordingly we obtain 
As both θ 13 and θ 23 are outside the present 3σ ranges [56] , this mixing pattern isn't phenomenologically viable unless higher order corrections could lead to the agreement with experimental data in a model. 
The structure of the model
In this section, we shall construct a model to realize the interesting mixing pattern of case I. We will formulate our model in the context of the minimal supersymmetric standard model and all supersymmetry breaking effects are neglected in the following. The A 4 flavor symmetry as well as the CP symmetry defined in Eqs. (17, 20) are imposed at higher energy scale. The auxiliary symmetry is chosen to be Z 4 × Z 5 in order to eliminate unwanted operators, to ensure the needed vacuum alignment and to reproduce the observed charged lepton mass hierarchies. We assign the three generations of left-handed lepton doublets l and right-handed neutrino ν c to A 4 triplet 3, while the right-handed charged leptons e c , µ c and τ c transform as singlet 1 under A 4 . A U (1) R symmetry related to the usual R−parity and the presence of driving fields are common features of supersymmetric flavor models. The flavon fields, matter fields and driving fields carry zero, one and two unit of R charges respectively. We summarize the field content of the model and the symmetry assignments in table 1. Notice that the flavons ζ and ζ have the same quantum numbers of Z 4 × Z 5 and U (1) R , and they transform as ζ → ζ * and ζ → ζ * under the action of the CP symmetry. The similar hold true for the flavon fields σ and σ . In our model, the lepton mixing matrix is exactly the famous tri-bimaximal mixing at leading order (LO), and a non-zero reactor mixing angle θ 13 originates from the next-to-leading order (NLO) corrections. As a result, θ 13 is naturally smaller than the other two mixing angles θ 12 and θ 23 . The correct size of θ 13 can be achieved in the model since the NLO contributions are suppressed by a factor of order 0.1 ∼ 0.2 with respect to the LO ones.
Vacuum alignment
All the flavon fields of our model can be divided into two sets {ζ , ζ , ϕ T } and {ξ, ϕ S , σ , σ } which enter into the charged lepton and neutrino mass terms respectively at LO. The driving superpotential for ζ , ζ and ϕ T is given by
where (. . .) r denotes a contraction into the irreducible representation r. Note that we have neglected the term (ϕ 0 T (ϕ T ϕ T ) 3 A ) 1 which vanishes due to the antisymmetric property of the contraction (ϕ T ϕ T ) 3 A . As we assume the theory is invariant under the CP symmetry in Eqs. (17, 20) , the coupling constants f 1 , f 2 and f 5 should be real while f 3 and f 4 are generally complex numbers with f 3 = f * 4 . The driving fields are assumed to have vanishing vacuum expectation values (VEVs). In the exact supersymmetric limit, the F −terms of the driving fields have to vanish at the minimum of the scalar potential such that the vacuum of the flavon fields is aligned. Then the F −term conditions obtained from the driving fields ζ 0 and ϕ 0 T read as
These equations admit a nontrivial solution
with the condition
where v ζ is a undetermined complex parameter. The coupling constants f 3 and f 5 naturally have absolute values of order one, consequently the VEVs v ζ and v T are of the same order of magnitude. In order to generate the observed mass hierarchy among the charged leptons, we choose
where λ 0.23 is the size of the Cabibbo angle. For the flavon fields ξ, ϕ S , σ and σ in the neutrino sector, the LO driving superpotential w ν d takes the form 
These equations are satisfied by the alignment
where the VEVs v ξ , v S and v σ are related by
with v ξ being a free parameter which is in general complex. One sees that the phase difference between v ξ and v S is 0, π for g 2 g 3 < 0 and ±π/2 for g 2 g 3 > 0 and the phase difference between v ξ and v 2 σ is twice as large as the phase of g 5 up to π. As we shall show in section 4.2, the common phase of v ξ and v S can be factored out in the neutrino mass m ν and consequently it can be absorbed by the redefining the lepton fields. Without loss of generality, we can take v ξ to be real. Then v S would be real for g 2 g 3 < 0 and pure imaginary for g 2 g 3 > 0 and v 2 σ is generally a complex parameter. It is easy to check that the vacuum in Eq. (60) is stable under small perturbations. If one introduces small quantities in the VEVs of the flavons as follows
After some straightforward algebraic calculations, one can show that the only solution minimizing the scalar potential in the supersymmetric limit is given by ( 
The model at leading order
The Yukawa interactions for the charged lepton read,
where dots denote the higher dimensional operators which will be discussed later. The CP symmetry constrains the coupling constants y τ , y µ1 , y e1 , y e3 and y e6 to be real, y e4 to be pure imaginary, and y µ2 , y e2 , y e5 and y e7 to be general complex numbers. Notice that the auxiliary Z 4 symmetry imposes different powers of ζ , ζ and ϕ T for the electron, muon and tau mass terms. Inserting the vacuum configuration of Eq. (55) into the above superpotential w l , we find the charged lepton mass matrix is diagonal
where
One can easily see that the realistic mass hierarchy m τ : m µ : m e 1 :
Although the vacuum alignment of ϕ T breaks the A 4 flavor symmetry completely, the hermitian combination m † l m l is invariant under the action of T , i.e.,
subgroup is accidently preserved by the charged lepton mass matrix at LO. This accidental symmetry does not survive at the next to the leading order level.
The light neutrino masses are generated by the type-I seesaw mechanism. The most general LO superpotential for the neutrino masses is given by
where all the couplings are real due to the CP symmetry. With the vacuum alignment of ξ and ϕ S in Eq. (60), the neutrino Dirac and Majorana mass matrices take the form
where v u = h u . The effective light neutrino mass matrix is given by the see-saw relation
with
We see that the above neutrino masses fulfill the sum rule
In the case of g 2 g 3 > 0, the phase difference of v S and v ξ is ±π/2, such that the neutrino masses would be partially degenerate with |m 1 | = |m 3 |. Hence we shall be concerned with the scenario of g 2 g 3 < 0 in the following. Thus the VEVs v S and v ξ carry the same phase up to π, and they can be considered as real. The two squared mass gaps δm 2 and ∆m 2 can be written as where the parameter x ≡ y 2 v S /(y 1 v ξ ) is real. Since the charged lepton mass matrix is diagonal, the effective Majorana mass m ee is exactly the absolute value of the (11) entry of m ν , i.e. 
where the first two solutions correspond to NO neutrino mass spectrum, while the last one is for the IO spectrum. The resulting predictions for the light neutrino masses and the effective mass m ee are listed in table 2. Since the leading order PMNS mixing matrix is the tri-bimaximal pattern which gives rise to a vanishing θ 13 , the Dirac phase can not be fixed uniquely and moderate corrections to θ 13 are necessary in order to be in accordance with experimental data.
Subleading order corrections
The above LO superpotentials w 
As we impose the CP symmetry on the theory in the unbroken phase, the coupling r is a real number. The new minimum for ξ, ϕ S , σ and σ is obtained by searching for the zeros of the F −terms, the first derivatives of w 
where v ξ is undetermined with
Obviously the shift δv S carries the same phase as v S , thus the correction to ϕ S is proportional the LO VEV and can be absorbed in a redefinition of the parameters g 2 and g 3 . Similarly at the next order the higher dimensional operators contributing to w l d comprise five flavons, two of them belong to the set {ζ , ζ , ϕ T } in order to saturate the Z 4 charge and two flavons from the set {ϕ S , ξ} together with one field of the type {σ , σ }, e.g.
where ϕ l = {ζ , ζ , ϕ T }, ϕ ν = {ϕ S , ξ} and ϕ ν = {σ , σ }, and all the possible combinations and possible A 4 contractions should be considered. As a result, the subleading contributions to the F −terms of the driving fields ζ 0 and ϕ 0 T are suppressed by ϕ ν 2 ϕ ν /Λ 3 ∼ λ 3 with respect to the contributions from the LO terms in Eq. (53) . Therefore the vacuum of ϕ T and ζ acquire corrections of relative order λ 3 and the shifted vacuum can be parameterized as
where α i (i = 1, 2, 3, 4) are generally complex numbers with absolute value of order one.
As regards the corrections to w l , the mass terms related to τ c , µ c and e c require one, two and three flavon fields from the set {ζ , ζ , ϕ T } respectively in order to fulfill the invariance under the Z 4 component of the flavor symmetry group, and the higher dimensional operators can be obtained by further multiplying the combination ϕ 2 ν ϕ ν in all possible ways. Therefore the subleading operators contributing to the charged lepton masses take the form
where all dimensionless coupling constants are omitted. The charged lepton mass matrix is obtained by plugging the LO vacuum to these new operators plus the contribution of the LO superpotential in Eq. (64), evaluated with the shifted VEVs of Eq. (79). Thus we find the corrected charged lepton mass matrix has the following structure
where only the order of magnitude of each entry is presented. As a result, the unitary matrix U l which realizes the transformation to the physical basis where the mass matrix m † l m l is diagonal at NLO is of the general form
where V ij are unspecified order one constant. Therefore the contributions of the charged lepton sector to the lepton mixing angles is of order λ 3 and can be safely neglected. In the same manner we can analyze the subleading corrections in the neutrino sector. The NLO operators contributing to the neutrino Dirac mass is given by
where all possible independent A 4 contractions should be considered. The resulting contributions are suppressed by λ 3 compared to the LO term (lν c ) 1 h u in Eq. (67) and consequently are negligible. The NLO corrections to the right-handed Majorana neutrino masses are
where the coupling y 3 is real and y 4 is complex because of the invariance under the CP symmetry. Since the structure of the LO vacuum of the neutrino flavons is unchanged by the NLO corrections, the only possible modification to the neutrino masses arises from the operators listed in Eq. (84). Inserting the alignment of σ and σ into these higher dimensional operators and taking into account the LO contribution, we find that the neutrino Majorana mass matrix becomes
We see that the common phase of v S and v ξ is an overall phase of m M , and consequently it is irrelevant for neutrino masses and the lepton flavor mixing. Thus the parameters a and b can be considered as real and c and d are complex with d = c * after the overall phase is factored out. Moreover, as c and d originate from the NLO operators in Eq. (84), they are suppressed by λ with respect to the LO contributions a and b, i.e.
Finally we obtain that the light neutrino mass matrix m ν including the subleading corrections is modified into
The parameters α, β, γ and δ are expressed in terms of a, b, c, d as
where an overall factor y 2 v 2 u has been omitted. One sees that α, β and γ are real while δ is pure imaginary up to an overall phase of m ν . It is remarkable that this neutrino mass matrix has the most general form of case I in which the residual symmetry of the neutrino sector is Z S 2 × X ν with X ν = X 0 3 or ρ 3 (S)X 0 3 . Hence the results for mixing angles are given by Eq. (37), the Dirac CP violation phase and the atmospheric mixing angle are maximal while both Majorana CP phases are trivial. The reactor mixing angle θ 13 depends on the angle θ which is determined to be
in our model. As a consequence, the correct order of θ 13 is naturally achieved.
Conclusion
The A 4 group has been widely used to study the lepton mixing. In the present work we discuss the interplay between A 4 and CP symmetry. Generally two CP symmetries given by Eqs. (1, 2) can be consistently combined with the A 4 flavor group. The first one was considered in previous literature [22] , and it can be imposed on a generic A 4 model regardless of the matter content. The second possible CP symmetry interchanges the A 4 representations 1 and 1 . As a consequence, if one intends to impose A 4 as well as this CP symmetry, both fields ϕ 1 and ϕ 1 should be present or absent simultaneously and they should carry the same quantum numbers under all symmetries of the model except A 4 .
We have analyzed the lepton mixing patterns that arise from a theory in which A 4 and the second compatible CP symmetry are broken to residual groups Z 3 and Z 2 × CP in the charged lepton and neutrino sectors, respectively. It is sufficient to only consider the remnant symmetries G l = Z , since other possible choices of G l and G ν are related by similarity transformations to this representative one and thus don't lead to new results. We find one interesting mixing pattern which can accommodate the experimental data on lepton mixing angles for certain values of the parameter θ. In this case, the atmospheric mixing angle θ 23 and Dirac CP phase δ CP are predicted to be maximal, both Majorana phases are trivial, and the solar and reactor mixing angles satisfy the sum rule sin 2 θ 12 cos 2 θ 13 = 1/3. Furthermore we construct a see-saw model for lepton based on the flavor symmetry A 4 and the second possible CP symmetry compatible with A 4 . The lepton mixing matrix is exactly the tri-maximal mixing at leading order. The tau, muon and electron masses originate from operators with one, two and three flavons respectively because of the auxiliary symmetry Z 3 × Z 5 , such that the observed mass hierarchy among the charged leptons is achieved. Subleading contributions give rise to a non-vanishing reactor mixing angle θ 13 which is predicted to be of the correct order λ in our model. The interesting mixing pattern found in model independent analysis is naturally reproduced after the higher order corrections induced by higher dimensional operators are considered. Finally it is interesting to consider other residual symmetries distinct from (G l , G ν ) = (Z T 3 , Z S 2 × X ν ) and the application in model building such that new predictions for the CP phases could be obtained.
